In this paper, we establish a characterization, by means of the uniform convergence, of a convergence which is based in the Moore's ideas [4] ; then, according to this characterization, we give a convergence theorem for the improper Riemann integral of functions taking values in a Banach space.
Introduction
Throughout this paper, the symbol A will denote to a subset no empty of real numbers set R and, the symbols f and (f n ) will denote, respectively, to a vector function and to a sequence of vector functions defined on A, unless otherwise stated; i.e., f, f n : A → X, where X is a Banach space.
A classic problem of Functional Analysis is to determine when the limit of a sequence of integrable functions is integrable and the integral of this limit function is the limit of the integrals; i.e., if (f n ) is a sequence of integrable functions on A, which converges to a function f on A, then it is of interest to know when the function f is integrable on A and
The solution to this problem depend principally of three factors: the kind of convergence that is being consider, the domain under which the functions are defined and the kind of integral that is being used.
For the case of the Riemann integral (see Definition 2.4), it is a known fact that if (f n ) is a sequence of Riemann integrable functions on a compact interval [a, b] , which converges punctually to a function f on [a, b], not necessarily it holds that the function f is Riemann integrable on [a, b], see [1] ; even more, although the function f be Riemann integrable on [a, b], we cannot assure, in general, that the value of the Riemann integral of f on [a, b] be the limit of the integrals of the functions belonging to the sequence (f n ), see [1] . However, it is a known fact that if we change the punctual convergence by the uniform convergence, then the limit function is Riemann integrable and the value of its integral is equal to the limit of the integrals; i.e., However, the above convergence theorem is not valid, in general, for the improper Riemann integral (see Definition 2.5), since there are sequences of integrable functions in the sense improper of Riemann, which converge uniformly to a function such that this limit function is not integrable in the sense improper of Riemann; for example: Consider the sequence of functions (f n ) defined on the interval [1, ∞) of the following way
On this way, it holds that every f n is integrable in the sense improper of Riemann on [1, ∞) and, also, the sequence (f n ) converges uniformly to the function f (x) = 1/x on [1, ∞); however, this limit function is not integrable in the sense improper of Riemann on [1, ∞). Indeed, although the limit function be integrable in the sense improper of Riemann, not necessarily it holds that the value of this improper integral be the limit of the improper integrals, see [1] .
At least, we can follow two ways for to resolve the above problem:
• Adding conditions to the sequence of functions or
• changing the kind of convergence.
Concerning to add conditions to the sequence of functions, it is a known fact, in particular, that if to a sequence (f n ) of integrable real-valued functions in the sense improper of Riemann on A, which converges uniformly to a function f on A, we add the condition that the sequence is dominated by a function g, it means, |f n (x)| ≤ g(x), for every x ∈ A and for every n ∈ N , where g is integrable in the sense improper of Riemann on A, then the limit function f is integrable in the sense improper of Riemann on A and the equality (1) holds. On the other hand, it is not common to find works that deal with the topic of to change the kind of convergence, even for the real case, i.e. when X = R; therefore, in this paper, we will prove that if we change the uniform convergence by a variant of a convergence defined by Moore in [4] , then the limit function is integrable in the sense improper of Riemann and the value of this improper integral is the limit of the improper integrals (see Theorem 3.2); moreover, the restriction of this result to compact intervals agrees with the Uniform Convergence Theorem.
Preliminaries
For the reader's convenience, in this section, we will establish the concepts that will be used in the principal section of this paper.
Definition 2.1 It is said that the sequence (f n ) converges uniformly to f on A if, and only if, it holds the following: For every ε > 0 there exists an m ∈ N such that if n ≥ m, then
In the following definition and, in some parts of the successive, the following notation will be used:
if the subset A has the form [a, ∞), then we will write
Definition 2.2 It is said that the sequence (f n ) converges in the sense of Moore to f on A if, and only if, it holds the following: For every ε ∈ C + (A) there exists an m ∈ N such that if n ≥ m, then ||f n (x) − f (x)|| < ε(x), for every x ∈ A. Note 1. The convergence established in Definition 2.2 we have called it convergence in the sense of Moore, because it is based in the ideas of a convergence defined by Moore in [4] for the study of some integrable equations; for additional information to go to Section of Commentaries.
Every constant function defined on A, where the constant is a positive real number, is a positive and continuous function; thus, if (f n ) is a sequence of functions, which converges in the sense of Moore to a function f on A, then this sequence also converges uniformly to f on A; although the converse, in general, is not true. However, if the sequence (f n ) converges uniformly to f on a compact subset, then (f n ) also converges to f in the sense of Moore; thus, on compact subsets, the uniform convergence and the convergence in the sense of Moore are equivalents. 
where s i ∈ [t i−1 , t i ], for every i = 1, · · · , n. Note 2. Although for every Banach space X, the collection of all Riemann integrable functions f : [a, b] → X is a linear space and the Riemann integral is a lineal operator over it, the Riemann integral, in general: it is not an absolute integral, the collection of all discontinuity points of a Riemann integrable function not necessarily is of Lebesgue measure zero and, moreover, not all Riemann integrable functions are Bochner measurable (in contrast with the real case; i.e. when X = R); see [9] . 
Main Results
In particular, we are interested in the improper Riemann integral for intervals not bounded: [a, ∞), (−∞, a] and (−∞, ∞). Thus, in the following result, we establish a caracterization of the convergence in the sense of Moore on an interval [a, ∞); in like manner, it can be prove for the others kinds of intervals for which we are interested. Proof. =⇒) Suppose the contrary; i.e., we suppose that the sequence (f n ) converges in the sense of Moore to the function f on [a, ∞) and, moreover, for every M > a it holds that
, for an infinity number of indexes n; however, according to the paragraph that appears after of Note 1, it holds that the condition I) cannot be true.
Thus, let M 1 = |a| + 1; therefore, according to condition II), there exists
there exists a x 1 ≥ |a| + 1 with the property that f n 1 (x 1 ) − f (x 1 ) = 0. Now, let M 2 = x 1 + 1; therefore, according to condition II), there exists n 2 ∈ N with n 2 > n 1 such that f n 2 − f ≡ 0 on [M 2 , ∞), i.e. there exists a x 2 > x 1 with the property that f n 2 (x 2 ) − f (x 2 ) = 0. Then, making this procedure of recursive manner, we can make two sequences (f n k ) and (x k ) with the following properties: x k+1 > x k , for every k ∈ N ; (x k ) converges to ∞ and f n k (x k )−f (x k ) = 0, for every k ∈ N . Now, we set c k = ||f n k (x k ) − f (x k )||/2 and ε : [a, ∞) → R of the following way
On this way, it holds that ε ∈ C + [a, ∞) and, therefore, there exists m ∈ N such that if n ≥ m, then
Thus, for every k ∈ N such that n k > m, it holds, in particular, that ||f n k (x k ) − f (x k )|| < ε(x k ); which is a contradiction.
⇐=) Now, suppose that there exists M > a such that I) (f n ) converges uniformly to f on [a, M ] and
except for a finite number of indexes n; thus, let {n j } k j=1 be the collection of all indexes n such that not hold with II).
Then, according to I) and on the bases of Proposition 2.3, it holds that (f n ) converges in the sense of Moore to f on [a, M ]; therefore, if ε ∈ C + [a, ∞) there exists m ∈ N such that if n ≥ m, then
which implies that (f n ) converges in the sense of Moore to f on [a, ∞).
We shall now establish, on the bases of Lemma 3.1, the following convergence theorem for the improper Riemann integral of functions taking values in a Banach space. of the m-topology, see [10] . Another application, of a quite different nature, of this idea to use functions ε rather than constants ε is to integration theory; see [3] , [7] and [8] .
Finally, we would like to mention that the convergence in the sense of Moore can be changed and adapted to several frameworks; in particular, if instead of to consider continuous and positive ε, we consider that these ε have another properties, then we obtain other useful topologies. For instance, if A = R, X = R, and, for every f ∈ R R , consider the neighborhood base of f created by the collection {B(f, ε) | ε ∈ L + (A)}, where L + (A) = { ε ∈ R R : ε is Lebesgue measurable and ε(x) > 0, for all x ∈ A}, then the topology generated by this neighborhood collection on R R is called the topology of close approximation.
In [2] be analyze the subspace L = {f : R → R | f is Lebesgue measurable} of R R , in the relative topology induced by the topology of close approximation; the motivation of to analyze this topology on the space L comes from [5] and [6] , where it is shown that approximation in this close sense has some useful properties.
